
Tutorial 1

Throughout the tutorial , R = [0,17
"
.

Q .I

Prove : If f- is an integrable function on a rectangle R,
then cf is also integrable on R for any constant c.
Prerequisite :

Recall the integrability condition :
f- is integrable on R iff He>o , 7- partition P of

P
R such that Ulf .B - Lcf-P) <e.

P depends
Definition of Ulf, P) & { If, P) : on e

Ulf , P) = Efsnpflx) ) voice )CEP ✗ c-C

Llf -P) = ¥pli¥cfM) voice)
Be careful : Need to separate the cases Cso & Cso ,
Since if c <0 , then sup (cflx)) = cinfftx) (and similar

✗c- R ✗ER

for infimum)

Idea : Write the upper & lower sum of cf in terms

of those of f.



Solution:

Case 1 : C >

ofintegrable on R
E>0

⇒ Given any E >0,7 portion P sit . ⇒ Iso

Ulf . P) - LIF , P) < § since cso

Ulcf , P) = [ sup Ccftx)) v01 (C)
Cep ✗c-C

= -2 csnpflx) rollC) t:c>o)
Cep ✗ c-c

= c [ snpflx) v01 (C)
Cep ✗ c-C

= cult , P)

similarly , Llcf,P) = CLIF , P) .

⇒ Ulcf , p) - Llcf , P)
= c (Ulf> P) - Lcf,P))
< c.§ = E

case 2 : c=0

Then cf =D ⇒ Ulcf, P) - Llcf , P) = ☐ < E.



Cases : c< O Eso

Given any E >0g
⇒
-Eso
since c<0

Ulf . P) - LIF , P) <-E
Ulcf , P) = -2 supccftx)) v01 (C)

Cep ✗c-C

= -2 cinfflx) rollC) Cicco)
Cep ✗ c-c

= c [ infflx) v01 (C)
Cep ✗ c-C

= chff , P)

similarly , Llcf,P) = c Ulf , P) .

⇒ Ulcf , p) - Llcf , P)
= - c / Ulf> P) - Lcf.PH
< - c- 1-E) =E



Q .2

Let f- be a bounded function defined on a

rectangle R which is a union of two sub- rectangles
Ri & Rz . Show that that f- is integrable on
R if and only if f- is integrable on both R ,
and Rz

.

Prerequisite :

•• If P' is a refinement of P, then

Llf, P) ELI , P
'

) e Ulf ,P
'
) c- Ulf , P) .

the lower & upper sum get closer and closer by refinement
••If A c- B , then sup f-1×7 £ sup fix)

✗ c- A ✗EB

Tnf 1-1×1 3 infflx)
✗ c-A ✗c-B

⇒ supflx) - infflx) C- Sup f-1×7 - inf- fix
✗c-A TEA ✗C-B XE B

Idea : Estimate Ulf , R) - Lcf.R) in terms of

Ulf ,Ri) -Llf , RD & Ulf , R2) -LIF ,R2) , and
vice versa .



Solution :

(⇒ ) f- is integrable of R

⇒ Given any E>o , -7 partition P of R

Ulf , P ) - Llf, < E

Note that P, := {CAR , :( c- P } form partitions of

13 := { CAR, :( c-P}
*

of Ri & Rz respectively .

-

: YC EP
, ,

Ulf-PD - Self, PD C C- C
' for one

= -2 sup f-1×1 - int FIX)) v01 IC ) C' c-p
cep,
Htc Xtc

Also
,
Since

¥ ¥p¥fH) - int 1-1×7) Volk
'

) sup fix) - infftxl so
,✗c- c

'

✗c-c
'

✗C-C'

= Ulf,P) - LIF , P) we can insert rectangles
in P that is not in P

,

< E into Pi to get the .

inequality
Ulf, Pz) - LIF, Pz) < E similarly
i. f- is integrable on R, & Rz .



⇐) f- integrable on Rl & Rz

⇒ He>o, 7- partitions R . Pz of R , & Rz respectively s.to .

Ulf , PD - Llf , PD <£{Ulf,%) - Llf , %) < £ .

We need to construct a partition P of R from

P & Pz such that P,
'

= { CAR , :( c-P} V01 }
Pi = { Cn Ra : CEP } 1101 }

are refinements of Pi & Pz
.

let

D= ✗ i.o < ✗ in < . . - < ✗i.Ki = I

D= Yi ,o< Yin C . . . < Yi , hi = 1

be the grid point defining P, & P2 .

Then P can be made by taking all the grid pts above &
form a new partition on R .



Then

UH , P) - Ulf.pt#pls,EPf1H--;:ff1xDvollc)-:pinPi-tP
→

in general C- [ lsnpflx) - infflx)) v01 (C)
CEP,

'

✗ c-C Xtc

+ I lsnpflx) - infflx)) volt c)
CER

'
✗ c-C ✗ c-C

= Ulf , P,
') - LIF . Pi )

+ Ulf .Pi) - { If ,Pil- :p ,:P,
'

one
→

refinements of C- Ulf .R) - LIF . P, )
P, , Pz respectively +Ulf , Pz) - LH -E)

< § + § = E



Q . 3

Show , by definition that the function f-IX.g) = 1
When X=y , and f-IX.g) =D otherwise is integrable
on 12=[0,17×20,1] and find the integral off
on R .

Prerequisite :

:
f-f-IX.g)= I

1
✗

Intuitively , the graph 7=1-1×1 g) has zero volume
under the graph , so we should expect that fpf=o.



Solution :

Let e>o . Let Pn be the partition of R defined as

Pn= {Gigi-1¥ . In] ✗ , In] : is i.jen}
Note that Llf . Pn) = 0 Tn since inf f- 1×3=0

✗c-Ciig

V-iij.l-VG-g.FI✗g) c- Cig sit . ✗=/y)

Ulf ,Pn) ✗+y
= [ supflx) V01 Hi,;) ←
f- i.jen

✗c- Ci
,]

= 1. tin
.

.
'

'

= In
n squares

Only the diagonal
squares intersect with

⇒ sup 1-1×7 = { 1 if cÉna,
the line ✗=y

✗c-Cii 0 otherwise ,

i If we pick N such that Nt < E , we have
Ulf , Pw) -[ If , PN) = f- - o < E

If is integrable on R .

•

'

- f f- = Snp Llfip)
= 0 since Llf , 17=0 t partition P .

R P


